Abstract: Strongly Interacting Massive Particles (SIMPs) have recently been proposed as light thermal dark matter relics. Here we consider an explicit realization of the SIMP mechanism in the form of vector SIMPs arising from an SU (2) X hidden gauge theory, where the accidental custodial symmetry protects the stability of the dark matter. We propose several ways of equilibrating the dark and visible sectors in this setup. In particular, we show that a light dark Higgs portal can maintain thermal equilibrium between the two sectors, as can a massive dark vector portal with its generalized Chern-Simons couplings to the vector SIMPs, all while remaining consistent with experimental constraints.
Introduction
There is overwhelming evidence for the existence of dark matter (DM) in the Universe [1] . One of the most compelling particle physics candidates for dark matter is the Weakly Interacting Massive Particles (WIMPs). However, the absence of experimental signals in direct [2] [3] [4] [5] and indirect [6, 7] detection experiments for WIMPs, has led researchers to focus attention in recent years on sub-GeV dark matter. Thermal production of such light dark matter is possible if, for instance, standard 2 → 2 annihilations proceed with small couplings [8] or if new annihilation mechanisms are present, such as 3 → 2 annihilations [9] [10] [11] or forbidden 2 → 2 channels [12, 13] .
The thermal production of Strongly Interacting Massive Particles (SIMPs) [10] is based on freezeout of 3 → 2 self-annihilation of dark matter, with coupling between SIMPs and light Standard Model (SM) particles, which maintain kinetic equilibrium between the two sectors until freeze-out occurs. Various realizations of SIMP dark matter have been proposed in the literature, which often contain (pseudo)scalar dark matter particles with dark abelian or non-abelian gauge symmetries [10, [14] [15] [16] [17] [18] [19] . Massive dark vector bosons can also be SIMPgeneralized Chern-Simons term which we discuss later, maintaining the stability of the dark matter.
The Lagrangian for the dark sector is given by
where the field strength tensors are X µν = ∂ µ X ν − ∂ ν X µ + g X ( X µ × X ν ). The scalar potential is given by 
3)
The non-abelian interactions among the vector bosons X allow for 3 → 2 annihilations as SIMPs. This idea is actually much more general than we discussed above. This symmetry breaking can also be considered as dynamical, as a result of chiral symmetry breaking SU (2) L ×SU (2) R → SU (2) V in an SU (N c ) gauge theory. This corresponds to the limit where m φ → ∞ at low energies, while resonances can play an important role at higher energies. In this case, the coupling g X is still considered perturbative.
Alternatively, we can consider the theory with a Higgs doublet in the strongly coupled regime g X 1. As pointed out by 't Hooft [36] , an SU (2) gauge theory with a doublet scalar does not have an order parameter to distinguish the broken and confining phases, and hence the two phases are continuously connected, akin to liquid and gas phases of water at high pressures. In the strong coupling case, the vector SIMP is described by the interpolating field Φ † i ↔ D µ Φ, while the dark Higgs by Φ † Φ. Given enough parameters in the model (g X , m 2 Φ , λ Φ ), one can most likely have the dark Higgs heavier than the vector SIMP as required (see below); such a discussion requires numerical simulations and is beyond the scope of this paper.
Higgs portal
The dark Higgs provides a portal between the dark sector and the visible sector, since the dark and SM scalars may interact at the renormalizable level,
Here, a complex scalar field S is introduced for giving mass to Z gauge boson by Higgs mechanism in the later discussion on Z portal in Sec. 2.3. Since Z is assumed to be heavier than dark matter in our model, we assumed that the radial mode of S has no significant mixing with the dark Higgs φ and the SM Higgs. The SM and dark Higgs bosons are then mixed by
where h 1 , h 2 are mass eigenstates of mass 6) and the mixing angle is given by
Here, we assume that the additional Higgs field s for U (1) Z is heavy enough so that its mixing effects with the above Higgs fields is negligible. The Higgs mixing yields interactions between the vector DM and the SM particles, 8) enabling communication between the two sectors.
In the presence of such Higgs-portal couplings, the SM Higgs can decay invisibly into a pair of dark gauge bosons or dark higgses, with decay rates
The visible decays of the SM Higgs are scaled down universally by cos 2 θ due to the Higgs mixing. As we will see in Section 4.2, the bound on invisible Higgs decays places a strong constraint on the allowed mixing, and hence on the possibility that the Higgs portal maintains kinetic equilibrium between the two sectors.
Vector portal
In addition to the Higgs portal, we can gauge a U (1) Z symmetry acting on the complex scalar S, with the covariant derivative D µ S = (∂ µ − ig Z Z µ )S. The U (1) Z massive gauge boson Z can connect the dark and visible sectors, in the presence of gauge kinetic mixing with the SM hypercharge as well as DM-Z interactions:
Here L XXZ generates a 3-pt interaction between XXZ ; it may be generated by a non-abelian Chern-Simons (CS) term, as will be discussed below. The kinetic and mass terms for the Z and Z gauge bosons [15] is diagonalized
where (B µ , W 3 µ , Z µ ) are hypercharge, neutral-weak and dark gauge fields, (A µ , Z 1µ , Z 2µ ) are mass eigenstates, and s W ≡ sin θ W , c W ≡ cos θ W , etc. Here, Z 1 is Z-boson-like and Z 2 is Z -boson-like, with masses 12) where the mixing angle is
.
(2.13)
The electromagnetic and neutral-current interactions are then 14) where ε ≡ c W t ξ c ζ c W ξ for |ξ| 1, and J µ EM , J µ Z and J µ Z are electromagnetic, neutral and dark currents, respectively. For m Z m Z , one has ζ −s W ξ = −t W ε, so the neutral current interaction of the dark photon is negligible due to s ζ + t W ε ζ + s W ξ 0.
There are no direct couplings between the SM and the non-abelian vector dark matter at the renormalizable level, because of the non-abelian gauge symmetry. Likewise, there are no direct renormalizable interactions between the Z and the X-boson, since the dark Higgs are not charged under both symmetries (in other words, the dark Weinberg angle vanishes).
If heavy fermions charged under both SU (2) X and U (1) Z are present in the theory, they may generate low-energy effective XXZ interactions via triangle diagrams. From the effective theory point of view these may manifest as generalized non-abelian Chern-Simons terms [33, 34] ,
Although the coefficient c 1 is dimensionless, these are non-renormalizable operators and arise from gauge dimension-8 operators, known as D'Hoker-Farhi terms [37] ,
Likewise, an effective 3-pt interaction can be generated by the gauge invariant dimension-8 operator of the form
In this work we will consider the phenomenology of the effective operator Eq. (2.15); Appendix A contains a concrete example of generating the effective Chern Simons term.
We remark on the invisible decays of Z and Z bosons in our setup. The Z boson can decay invisibly into a pair of vector dark matter particles through the generalized CS terms in the presence of a gauge kinetic mixing between Z and Z bosons. But, if N f heavy fermions f running in triangle diagrams are relatively light for a sizable CS term (but heavy enough not to affect our discussion on vector SIMPs in the later sections) as discussed in Appendix A, the Z-boson preferentially decays directly into a pair of heavy fermions at tree level. Then, the corresponding Z-boson invisible decay width is given by
On the other hand, if the heavy fermions are heavier than m Z /2, the Z boson decays into a pair of vector dark matter particles via the CS term, with the width
3 Vector SIMP dark matter
Having established the interactions of the framework, we now address the cross section for the dark matter relic abundance and self-scatterings. We first determine the relic density of dark matter from 3 → 2 processes in Section 3.1, and discuss the role of additional forbidden annihilation channels in Section 3.2.
SIMP channels
Here we compute the relic density assuming the 3 → 2 annihilation processes are the dominant number-changing processes. In the presence of an isospin symmetry for the vector dark matter, all components of dark matter have the same mass, and can be treated as identical particles. Assuming the dark matter remains in kinetic equilibrium with the SM until the time of freeze-out, the Boltzmann equation for the vector dark matter is given by [10] dn DM dt
Here, the thermally averaged 3 → 2 annihilation cross-section (away from a resonance) is given by
where C 1 and C 2 are dimensionless quantities given in Eqs. (B.12) and (B.14), respectively. We note that the first term in σv 2 3→2 stems from XXX → XX channels and σv 2 h
3→2
due to XXX → Xh 1 channels contributes only for m h 1 < 2m X , becoming dominant near the resonance at m h 1 = 2m X . On the other hand, XXX → h 1 h 1 channels are p-wave suppressed so they are not included here. Additional terms that give an approximate resonance when m h 1 = 3m X are present, but as they are p-wave suppressed they are always subdominant and hence can be neglected. Further details of the 3 → 2 cross section and discussion of the Boltzmann equation can be found in Appendix B.
In the instantaneous freeze-out approximation, the relic abundance for 3 → 2 annihilation is found to be
where s 0 /ρ c 6 · 10 8 /GeV is the ratio of the entropy density today to the critical density, s(m X ) is the entropy density at T = m X , and H(m X ) is the Hubble rate at T = m X . Here x f = m X /T f indicates the freezeout temperature, which is typically x f ∈ [15, 20] for 3 → 2 freezeout. For m h 1 3m X , the Higgs contributions to the cross-section effectively decouples, and we have
In Fig. 1 we depict the parameter space in which the measured dark matter relic density is obtained within 3σ (red region) for α X ≡ g 2 X /(4π) (m h 1 ) and m X in the upper (lower) panel. For illustration, the top panel shows the results for dark Higgs mass of m h 1 = 4m X where no resonance enhancement is present, while in the bottom panel we fix α X = 1, 2 and vary m X and m h 1 .
In addition to 3 → 2 annihilations, the vector SIMP dark matter undergoes self-scattering processes, which are constrained by the bullet cluster [38] [39] [40] and by elliptical halo shapes [41, 42]. Away from a resonance, the self interacting cross-section is
A simple approximation can be derived in the limit m h 1 m X :
Contours of the self-scattering cross section obeying σ self /m X = 0.1, 1, 10 cm 2 /g are shown in Fig. 1 in dotted, dashed and dot-dashed lines, respectively. We learn that away from a resonance region, vector SIMP 3 → 2 dark matter consistent with self-scattering constraints points to dark matter masses of m X O(100 MeV) and strong couplings of α X 1. Indeed, strong coupling is a frequent common feature in SIMP dark matter models [10, 14-16, 18, 20, 21, 24, 26] , though exceptions can arise (e.g. on resonance [17, 19] ). Close to the resonance region, the relic density is sensitive to the dark Higgs mass, and the viable parameter space is broadened further to include larger DM masses at fixed dark gauge coupling, or smaller dark gauge couplings for fixed DM masses.
We comment that the strong gauge coupling leads to a question on the potential breakdown of perturbativity in relic density calculation. In our case, however, the SU (2) X gauge symmetry is completely broken by the VEV of the dark Higgs, and there are no light particles below the confinement or symmetry breaking scale (i.e., vector SIMP mass). Therefore, given that there is no phase transition separating the Higgs phase and confining phase, namely, the complementarity between the Higgs and confining phases [36, [43] [44] [45] [46] [47] , the Higgsed theory can be pushed into regions where perturbativity is questionable. Closer inspection of the issue of complementarity may be worthwhile, though is beyond the scope of this paper.
As the dark Higgs mass approaches the DM mass, when m X < m h 1 1.5m X , forbidden 2 → 2 annihilation channels contribute significantly to the relic density and must be included as well; we study this in the next subsection. (The regions in which 2 → 2 processes dominate the relic density are shown in shaded gray in Fig. 1 .) As we will see, the self-scattering rate is reduced in this case, allowing smaller dark matter masses consistent with observational constraints.
Forbidden channels
When the dark Higgs is slightly heavier than the dark matter, forbidden 2 → 2 channels such as X i X i → h 1 h 1 and X i X j → X k h 1 -although kinematically inaccessible at zero temperature-can be important in determining the relic density at the time of freezeout [12, 13] . For m X m h 1 2(1.5)m X , new 3 → 2 channels such as XXX → Xh 1 (h 1 h 1 ) open up as well so they have been already included in Fig. 1 . Here we discuss the effects of the forbidden channels on the relic abundance and identify the parameter space of vector SIMP dark matter that is consistent with the observed relic density when including these effects. (This will be particularly relevant when kinetic equilibrium between the SIMP and SM sectors is obtained via the Higgs portal, as will become evident in Section 4.2.)
Assuming that the forbidden channels are dominant, the approximate Boltzmann equation is given by
where we have assumed that h 1 maintains chemical and thermal equilibrium with the SM bath throughout freezeout. See the full Boltzmann equations in Eq. (B.15). Detailed balance conditions at high temperature determine the annihilation cross sections for the forbidden channels in terms of the unforbidden channels,
The cross section formulas for the allowed 2 → 2 channels in the RHS above are given in Appendix B. Denoting the allowed 2 → 2 cross sections in the RHS above by σv kh 1 →ij = a and σv h 1 h 1 →ii = b, the DM abundance is found to be [13] 
resulting in the relic density
In general, however, one must account simultaneously for both the 3 → 2 processes and the 2 → 2 forbidden channels in determining the dark matter relic abundance.
In Fig. 2 , we show the dark matter relic density as a function of ∆ h 1 = (m h 1 − m X )/m X , first when including only forbidden channels (left panel) and then when taking both forbidden and SIMP channels into account (right panel). We have varied α X and m X between 0.01 − 1 and 10 MeV − 1 GeV, respectively. We learn that forbidden channels play an important role for ∆ h 1 0.5, where the observed relic density can be achieved over a broad range of couplings α X and masses m X . As the mass difference increases, 3 → 2 SIMP annihilations begin dominating the relic abundance as a saturated value for mass differences ∆ h 1 0.5. We note that the importance of the forbidden semi-annihilation channels for ∆ h 1 0.5, in contrast to the naive expectation from the Boltzmann suppression factors of ∆ h 1 1, is due to a large numerical factor in the SIMP 3 → 2 annihilation cross section. 
Kinetic equilibrium
In order of the SIMP mechanism to be viable, we require that the SIMP sector efficiently dumps entropy into the SM bath. In the proposed framework, this can be achieved either by a Higgs or Z portal between the vector SIMPs and SM particles. After a general discussion of the relevant Boltzmann equation in terms of the dark sector temperature and the requirement of equilibration in Section 4.1, we study the Higgs portal in Section 4.2 and the Z portal in Section 4.3.
Equilibration conditions
Following Ref. [48] , we find the decoupling temperature by comparing the rate of change in kinetic energy injected by the 3 → 2 annihilations compared to the kinetic energy lost due to elastic scattering. When the 3 → 2 occurs, the mass of one dark particle is converted to the kinetic energy of the 2 outgoing particles. These particles quickly scatter off the dark matter particles, and distribute the energy to the dark bath. Thus, the 3 → 2 annihilations maintain chemical equilibrium in the DM gas, while releasing kinetic energy per particlė
Elastic scattering processes transfer this excess kinetic energy to the SM gas at a ratė
Here, the sum is taken over the species i in the relativistic plasma with initial(final) momentum k(k ), p(p ) is the dark matter initial(final) momentum. In the limit of | k| m DM , the change in kinetic energy can be written in terms of the momentum relaxation rate, γ(T )
where t is the squared momentum transfer between DM and the relativistic species. The differential elastic scattering cross section is given by
The decoupling occurs when the DM-to-SM energy transfer can no longer keep up with the kinetic energy production; equating Eq. (4.1) with Eq. (4.3), we have In what follows we use Eq. (4.5), evaluated at T KD = m DM /20, to place a lower bound on the interactions between the vector SIMPs and the SM particles, needed to achieve the correct DM abundance. The ELDER DM curve [48, 49] , corresponds to T KD m DM /15, where the relic abundance is determined by the elastic scattering rate.
The dark matter can also thermalize with the SM, if the dark matter maintains equilibrium with the dark Higgs, while the dark Higgs maintains equilibrium with the SM bath via decay and inverse decays into SM fermions. The dark Higgs should be heavier than the dark X-bosons, or else the dark matter will efficiently annihilate into dark Higgs, effectively becoming a WIMP-like scenario. However, if the dark Higgs is much heavier than the dark matter, then the dark Higgs abundance will have been sufficiently depleted and it will not be able to maintain equilibrium between the two sectors. This pushes the spectrum to a forbidden regime, m X < m h 1 1.5m X , where the dark matter can annihilate into dark Higgses, but with a large Boltzmann suppression. At the time right before freezeout, both the semi-annihilation XX → Xh 1 and self-annihilation XXX → XX processes will be active for large gauge coupling. The dark sector will be in thermal equilibrium with vanishing chemical potential. Thus in order for freezeout to occur one just needs to check that the dark Higgs can deplete the density in the dark sector fast enough up until freezeout,
We use the above condition on the dark Higgs decay rate in the case that vector SIMPs are in kinetic equilibrium through the scattering with the dark Higgs. 
Higgs portal
The coupling λ ΦH present in Eq. (2.2) leads to mixing between the SM and dark Higgs, which enables a Higgs portal between the dark and visible sectors.
In the presence of Higgs-portal induced mixing between the SM and dark Higgs, the SM Higgs can decay invisibly into a pair of dark matter particles, with decay rate given by Eq. (2.9):
The combined VBF, ZH and gluon fusion production of Higgs bosons at CMS leads to BR(h 2 → XX) < 0.24 at 95% CL [50] , while the ATLAS bounds from the VBF [51] and ZH [52] modes give BR(h 2 → XX) < 0.29 and BR(h 2 → XX) < 0.75, respectively. These decays provide a strong constraint on the mixing: sin θ 10 −5 for α X ∼ O(1). The mixing also induces direct couplings of the darks Higgs to the SM electron and muons, which in turn induces tree-level scattering of the SM of the leptons. However, the smallness of the electron Yukawa coupling and the Boltzmann-suppression of the muons at the time of freezeout combined with constraints on the Higgs invisible decay result in the elastic scattering being inefficient for thermalization.
Alternatively, if the dark Higgs is fairly light, scattering between the vector dark matter and the dark Higgs can equilibrate the dark sector, with decays and inverse decays of the dark Higgs into SM particles completing the equilibration requirement between the SIMP and SM sectors. The momentum relaxation rate from the elastic scattering of dark matter off of dark Higgs, X i h 1 → X i h 1 , is given by
where g h 1 = 1. We note that the above result is valid for
Plugging this into the kinetic equilibrium condition Eq. (4.5), we find that equilibrium between the dark Higgs and the DM is effective in most of parameter space satisfying the dark matter relic abundance.
Simultaneously, kinetic equilibrium between the dark Higgs and the SM is maintained by decays and the inverse decays of the Higgs into a pair of SM fermions,
In Fig. 3 , we illustrate this second requirement of equilibration between the dark Higgs and the SM, as a function of sin θ and m h 1 (left) or m X (right) for fixed m X and α X (left) or fixed ratio m h 1 /m X (right). The upper bound on the mixing angle from invisible Higgs decays is indicated by the dashed black curves in both panels. Here the active thermalization process comes primarily from decays into muons when kinematically accessible, and from electrons for smaller masses. We learn that the Higgs portal is a viable mediator between vector SIMPs and the SM when the dark Higgs is close in mass to the DM. In this regime, 2 → 2 forbidden (semi)-annihilations channels of DM and the dark Higgs, X i X j → X k h 1 (h 1 h 1 ), can be active and are then important contributors in determining the dark matter relic density, as discussed in Section 3.2. In this case, the semi-annihilations are also active thermalization processes within the dark sector.
We note that current limits on Higgs mixing from rare kaon-and B-meson decays are weaker than the bound we impose from from the Higgs invisible decay. However future beam dump or fixed target experiments, such as SHiP at CERN SPS, have the potential to probe the Higgs mixing angle further down [53] . The allowed parameter space for the Higgs portal to vector SIMPs could then be further probed as the invisible Higgs decay constraint improves.
Before ending this subsection, we remark that a Higgs portal coupling could allow in principle for the elastic scattering of relic vector SIMP dark matter with electrons in directdetection experiments [54] [55] [56] [57] [58] [59] [60] [61] [62] [63] [64] . For m e , m X , m Z p DM m X v DM , the DM-electron direct We show the bounds from unitarity (brown), kinetic equilibrium (purple), the invisible width of the Z boson (green) [65] and BaBar monophoton+MET (blue) [66] . Here, we took N f α Z = 1 in Eq. (2.18) for Z-boson invisible decay bounds.
detection scattering cross section via the Higgs portal is given by
(4.10)
The small electron Yukawa coupling suppresses the cross section substantially, yielding a currently unconstrained spin-independent direct detection cross section.
Z portal
Next, we explore the kinetically mixed Z portal for mediation between the SIMP and visible sectors. We use the CS terms of Eq. (2.15) to couple the vector DM to the Z , together with kinetic mixing between the Z and the SM hypercharge. The momentum relaxation rate for vector DM scattering with electrons via the Z portal is given by 11) and one imposes Eq. (4.5) for kinetic equilibrium. The resulting allowed parameter space is depicted in Fig. 4 as a function of kinetic mixing ε, for fixed DM and Z masses. The gray region is excluded by the unitarity bound on the CS term, and the kinetic equilibrium condition fails in the purple region. The LEP bound on for the Z-boson invisible decay bound. In all panels: the purple region indicates where the kinetic equilibrium condition fails; the green region is excluded by the Z-boson invisible decay [65] ; and the red region is where the 2 → 2 annihilation becomes dominant. BaBar searches for monophotons with MET [66] and with dileptons [67] exclude the blue region. The projected Belle-II reach for monophoton+MET [68] is depicted in dashed blue curve. Contours for DM-electron scattering cross section with σ DD = 10 −48 (49) cm 2 are also shown in dot-dashed lines on the left (right) panels.
the invisible decay width of the Z-boson, Γ inv < 3 MeV [65] is shown in green, where we have assumed the dominant mode is into dark fermions that generate the CS coupling [as would be the case in generic UV completions with N f α Z = 1 in Eq. (2.18)] in both plots. The BaBar constraint from invisible decays [66] is shown in blue (with a similar-sized constraint from the beam dump experiment NA64 at CERN SPS [69] ).
In Fig. 5 we further show the allowed parameter space in ε and m X (top panels) or m Z (lower panels), for fixed values of the CS coefficient and of m Z or m X , respectively. Here, kinetic equilibrium is not maintained in the purple region; 2 → 2 processes are dominant over 3 → 2 processes in the red region; invisible Z-decay limits [65] are imposed in green [where we have assumed the dominant mode is into dark fermions with N f α Z = 1 in Eq. (2.18)]; and constraints from BaBar invisible [66] and visible [67] searches are shown in blue. The projected reach of Belle-II into the parameter space is shown in the dashed blue curve [68] . As is evident, vector SIMPs through the Z portal can be achieved in an experimentally viable parameter space.
Concerning direct-detection, we note that the Z portal coupling of vector SIMPs via the CS term gives rise to a p-wave velocity-suppressed elastic cross section off electrons. As a result, the spin-independent cross section between vector SIMPs and electrons via the Z portal is highly suppressed, in contrast to the case of scalar SIMPs [15] . For m e , m X , m Z p DM m X v DM , the DM-electron scattering cross section with Z portal is given by
For illustration, contours of DM-electron scattering with σ DD = 10 −48 (49) cm 2 are depicted in the lower left (right) panel of Fig. 5 . We learn that a kinetically mixed Z with CS couplings can successfully mediate interactions between the SIMP and SM sectors, consistent with all experimental constraints. We expect that future experiments such as Belle-II [68] and potentially measurements at LHCb [70] can further probe the allowed parameter space for vector SIMPs with a vector portal.
Conclusions
We have considered a spontaneously broken SU (2) X gauge theory in the hidden sector as an economical realization of vector SIMP dark matter. Kinetic equilibrium between the dark and visible sectors can be obtained via a Higgs portal in a minimal model or through a Z -portal in an extended model with an additional U (1) Z and its non-abelian Chern-Simons term. We have identified the parameter space for the SU (2) X gauge coupling and dark matter mass by taking into account the observed relic density as well as the self-scattering cross section. The kinetic equilibrium condition in combination with a variety of experimental constraints restrain the Higgs mixing or gauge kinetic mixing to a region that could be probed in current and planned experiments at the intensity frontiers. 
A The Chern Simons term
In this section, we discuss the origin of the generalized CS terms in a concrete model with dark fermions for a UV completion. Furthermore, we show that the effective CS terms and the general Z − X − X interactions can be derived from manifestly gauge invariant operators at low energy.
Suppose that there is a set of light fermions charged under SU ( whereΦ = iτ 2 Φ * , are generated after SU (2) X × U (1) Z spontaneous symmetry breaking 1 .
1 The SU (2)X gauge bosons masses are degenerate at tree level and receive small loop corrections due to the mass splitting between the members of each doublet fermion, that is proportional to chiral fermion mass. If the mass splitting between SU (2)X gauge bosons is smaller than 10% of DM mass, all the SIMP processes are still active and dominant and the vector dark matter remains stable for heavy fermions. One can check explicitly in the example with vector-like dark fermions that there is no X3 − Z mixing generated at loop level, so there is no issue of dark matter instability.
When integrating out the light fermions, the non-decoupling portion of the one-loop triangle diagrams gives an effective CS term
where N f being the number and mass of light fermion generations of mass, m f . For instance, for α X = 1 (4) , N f = 4(1), g Z ∼ 0.3 − 3, and m f ∼ 4m X − 10m X , we find the coefficient of the operator of Eq. (2.15), c 1 0.01. Therefore, for m f m X , we can avoid additional 2 → 2 annihilations of vector dark matter into light dark fermions, such as XX → ff , and a sizable CS term required for kinetic equilibrium can be consistently realized.
Notice here that the values of c 1 10 −2 required for achieving the correct relic density in this setup imply a large multiplicity of the dark fermions or sizable gauge couplings which might drive the theory toward its non perturbative regime or the unstability of the dark higgs potential vacuum for energies of the order of the GeV scale. One could invoke more elaborate mechanisms in order to solve this potential issues but those are beyond the phenomenological considerations of this work.
If one considers only the light fermions l = (2, +1), e c = (1, −1) and their heavy partners for anomaly cancellation, then are only chiral fermion masses due to the SU (2) X breaking. In this case, the needed CS terms are not generated. Instead, a nonzero dimension-6 interaction
appears, which can also be sufficient for equilibrating the two sectors Similarly, the effective dimension-6 operator in Eq. (A.4) can be derived from another gauge invariant dimension-8 operator,
Then, in both cases with dimension-6 and dimension-8 operators, after the SU (2) X is broken by the VEV of the scalar doublet Φ, the needed Z XX interactions are generated. The effective approach considered in this work would be valid only for processes involving energies below the lightest dark fermion mass. Our approach is then justified for the DM freeze-out process which occurs when the DM becomes non-relativistic (i.e. for processes occuring at energies ∼ m X m f ) and the dark fermions have already decoupled for the thermal bath. However, considering the invisible decay of the Z boson leads the effective approach to fail and one has to consider the complete dark fermions degrees of freedom in the computation.
B Thermally averaged cross sections
After spin average for initial states and spin sum for the final states, the 2 → 2 self-scattering cross sections for vector dark matter (with notations, ij → ij meaning that X i X j → X i X j , etc.), are in the non-relativistic limit
We define the thermal average for 2 → 2 annihilation, φ 1 φ 2 → φ 3 φ 4 , as follows,
where n eq 1,2 , f eq 1,2 are the number densities and occupancies of particle 1, 2 in thermal equilibrium, and s i,f are the symmetry factors for the initial or final states, which are s i,f = 1(2) for two identical (different) particles, and dΠ i are the full phase space integrals for each particle, and |M 2→2 | 2 is the squared amplitude for φ 1 φ 2 → φ 3 φ 4 . Then, the 2 → 2 forbidden (semi-)annihilation cross sections (with notations, h 1 h 1 → ii meaning that h 1 h 1 → X i X i and ih 1 → jk meaning that X i h 1 → X j X k ) are also given by 
with i = j = k in the latter case. We define the thermal average for 3 → 2 annihilation, φ 1 φ 2 φ 3 → φ 3 φ 4 , as follows,
where s i,f are the symmetry factors, which are given by s i = n i ! and s f = n f !, depending on the number of identical particles in the initial and final states, n i and n f , respectively, and |M 3→2 | 2 is the squared amplitude for φ 1 φ 2 φ 3 → φ 4 φ 5 .
The 3 → 2 annihilation cross sections including only SU (2) X gauge interactions (with notations, 123 → 11 meaning X 1 X 2 X 3 → X 1 X 1 , etc) are, in the non-relativistic limit, (B.10)
Here, we have included the p-wave terms in σv 2 iii as they have a resonance at m h 1 = 3m X . We note that v 1 , v 2 are the speeds of two dark matter particles in the initial states and θ 12 is the angle between the two in the center of mass frame.
On the other hand, the 3 → 2 annihilation cross sections including the dark Higgs (with notations, 122 → 1h 1 meaning X 1 X 2 X 2 → X 1 h 1 , etc) are, in the non-relativistic limit, We note that the factor 1/(4m 2 X − m 2 h 1 ) 4 in the above results is the squared product of the dark Higgs propagator in s-channel and the dark matter propagator in t-channel, which are regularized at m h 1 = 2m X by the finite width of the dark Higgs and a nonzero dark matter velocity, respectively. The 3 → 2 annihilation cross sections including two dark Higgs bosons such as XXX → h 1 h 1 are p-wave suppressed and sub-dominant, so we don't include them here.
The Here, we have assumed that h 1 maintains chemical and thermal equilibrium with the SM bath throughout freezeout. We note that σv ii in the first line is the averaged 2 → 2 annihilation cross section into a pair of the SM fermions, i.e. X i X i → ff .
